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In this paper, we discuss the limit behavior of hyperbolic systems of conservation laws
with stiff relaxation terms to the local systems as the relaxation time tends to zero. The
prototype is crowd models derived from crowd dynamics according to macroscopic scaling
when the ﬂow of crowds is supposed to satisfy the paradigms of continuum mechanics.
Under an appropriate structural stability condition, the asymptotic expansion is obtained
when one assumes the existence of a smooth solution to the equilibrium system. In this
case, the local existence of a classical solution is also shown.
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1. Introduction
The purpose of this paper is twofold: ﬁrst, it introduces the general structure of macroscopic models of the crowd;
second, it considers the hyperbolic relaxation problems, which arise whenever a “stable” equilibrium state for a given
physical system is perturbed. Pedestrian ﬂow has been described by various engineers and scientists using various models.
One of the more important models used is ﬂuid dynamics, where the ﬂow of pedestrians is likened to a ﬂowing ﬂuid. The
above systems are part of the broad class of large complex living systems in applied sciences. A complex living system
is a large ensemble of entities that interact by rules that follow speciﬁc strategies, ability to communicate with the other
entities, and to organize their own dynamics according both to their own strategy and interpretation of that of the others.
Generally, these complex systems are such that the collective dynamics is determined by complex individual interactions,
while modelling of individual dynamics does not straightforwardly lead to the mathematical description of the collective
dynamics. The interest in this type of modelling is not purely speculative, and is rapidly growing as they relate to various
motivations such as engineering applications. For instance, papers by Venuti et al. [26] are focused on the modelling of
the interactions between crowds and lively footbridges and related structural analysis. Moreover, Helbing studied the panic
conditions and evacuation problems [11], while detailed calculations of pilgrim’s Jamarat bridge, where overcrowding is
the cause of frequent accidents and where every year safety conditions are violated, have been developed by Coscia and
Canavesio in [5]. In Ref. [17], pedestrian ﬂow was described using basic ﬂuid dynamics and the equation of continuity.
Modelling of crowd dynamics, similar to the approach used for vehicular traﬃc, can be developed at three representation
scales corresponding to individual dynamics (microscopic), locally averaged (macroscopic) quantities, and statistical distri-
bution over the microscopic state (i.e. statistical scale). The literature in the ﬁeld is almost limited to the approach at the
microscopic scale, as documented by the work developed by Helbing and coworkers in various papers [9,10]. Macroscopic
modelling has been initiated by pioneering works of Henderson [13,14], who proposed a modelling approach by equations
related to the Maxwell–Boltzmann theory of a homogeneous gas comprised of statistically independent particles in equilib-
rium in a two-dimensional space. This approach is also documented in Henderson and Lyons [15], Henderson and Jenkins
[16] and Helbing [12]. Subsequently, Hughes [17,18], extended Henderson’s ﬂuid dynamics approach to allow for factors
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where an evolving potential function models the optimal density ﬁeld toward its goal. His approach can be classiﬁed as
related to ﬁrst order models. Interested readers can ﬁnd further information on the subject given in the papers by Coscia
and Canavesio [5], which has the merit of developing several interesting simulations focusing on coupling crowd dynamics
to structures. Recently, paper [22] has considered discrete-time modelling by means of a family of measures, which provide
an estimate of the space occupancy by pedestrians in time. Further analysis is given in [6,24,3].
The ﬁrst part of this paper deals with the step of the modelling process by assessing the mathematical framework
suitable to act as a background structure for the derivation of our models. The framework consists in the equations of
conservation of mass and equilibrium of linear momentum characterized by an acceleration term to be properly modelled.
The implication of this modelling is the focus of the second part of the paper where we derive the zero relaxation limit
of our model. We show that with suﬃciently smooth data, the approximating systems yield a sequence of solutions which
converge to those of the limiting systems. Relaxation models for hyperbolic systems of conservation laws have initially been
introduced in [19]. The models consist on replacing the original conservation law by a semi-linear hyperbolic system with
linear characteristic variables and a relaxation source term that rapidly takes the relaxation variable to the ﬂux function
when the relaxation time becomes small [20]. The main advantages of relaxation models are the semi-linear construction
of the approximating system and a special time implicit–explicit splitting for the relaxation term. The ﬁrst advantage allows
us to solve the system numerically without introducing Riemann solvers and the second avoids the solution of nonlinear
system of algebraic equations. We prove that the solutions of the relaxation systems tend to those of the local relaxation
approximation, which are inviscid conservation laws. This limit is highly singular because of shock and initial layers. The
main diﬃculty is that the solutions of the full systems are only the measurable functions with certain boundedness. In fact,
the initial data may even be far from equilibrium. The convergence result indicates that the limit functions indeed come
into local equilibrium as soon as t > 0. The compactness of the zero relaxation limit indicates that the sequence of the
solution of the original problem (3.18) is compact no matter how oscillatory the initial data are.
This paper is organized as follows. Section 2 deals with the statement of the problem in a suitable mathematical frame-
work. Section 3 introduces the relaxation limits for smooth solutions of our model and states the main result of the paper. It
is shown that the problems have unique solution existing in the ﬁnite time interval where the corresponding limited prob-
lems have smooth solution. Section 4 outlines some ideas concerning some complexity problems related to various features
of the class of models we are dealing with. We note that our approach shares some ideas with the kinetic approximations
and the related ﬂuid dynamical limits.
2. Mathematical setting and problem
This section provides the mathematical setting and the statement of the problem addressed in this work, and related to
crowd dynamics. There are two main approaches to modelling crowds: microscopic and macroscopic. Microscopic models
consider the individual preferences of each pedestrian and try to capture more of the psychological aspects of human
behavior. In the macroscopic approach, pedestrians are not followed individually. The point of view is rather that of the
classical continuum mechanics, i.e., one looks at the evolution in time and space of some average quantities of interest
such as the mass density or the mean velocity, referred to an inﬁnitesimal reference volume individuated by a point in the
geometrical space.
Some deﬁnitions are given in view of the mathematical treatment developed in the next sections.
The reference quantities are deﬁned as follows.
•  is a characteristic length of the system. If Ω is bounded,  is the largest dimension of Ω; otherwise, if Ω is un-
bounded,  is identiﬁed with the largest dimension of the initial subdomain Ω0 containing the system at time t = 0;
• nM is the maximum admissible density of individuals;
• VM is the maximum admissible mean velocity which may be reached, in average, by the speciﬁc individuals under
consideration in free ﬂow conditions, while the maximum admissible velocity for an isolated individual is denoted by
(1+ μ)VM , where μ > 0 is a parameter to be measured.
In addition, the above quantities allow the assessment of the following independent variables:
• t which is dimensionless time variable is obtained referring the real time tr to the critical time TC = VM/, as the time
needed to cover the distance  at maximum speed;
• if xr is the real (dimensional) space variable, the dimensionless space variables x= {x, y} ∈ Ω are x = xr/, y = yr/.
In this paper, we consider only models at the macroscopic scale, in which the distances among single individuals are
“small” with respect to the involved macroscopic dimensions (such as ). Macroscopic models, in analogy to the principles of
ﬂuid dynamics, refer to the derivation on the basis of conservation equations and material models of an evolution equation
for the mass density, linear momentum and energy, regarded as macroscopic observable quantities of the ﬂow of pedestrians
assumed to be continuous. Macroscopic modelling has been widely developed for vehicular traﬃc ﬂow. The macroscopic
description, in the case of pedestrian ﬂow represents only a coarse approximation of the physical reality, since the ﬂow
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of pedestrians is regarded as a ﬂuid. In fact, we are dealing with a granular ﬂow, which means that distances among
pedestrians may not be negligible with respect to the length of the walkway. The macroscopic representation of a system
constituted by a large number of interacting individuals concerns groups of pedestrians rather than the individual units.
Macroscopic representation may be selected for high density, large scale systems in which the local behavior of groups is
suﬃcient. Speciﬁcally, it is deﬁned by the following variables:
•  = (t,x) which is the dimensionless density referred to the maximum density nM of pedestrians;
• v = v(t,x) that is the dimensionless mean velocity, referred to VM while the relationship between the ﬂow rate, the
mean velocity and the pedestrian density is given, in dimensionless form, as follows: q ≡ q(t, x, y) = (t, x, y)v(t, x, y).
According to the continuum approach, the above quantities are supposed to be differentiable with respect to the de-
pendent variables.
A necessary preliminary observation is that a crowd generally has a target and, therefore, some geometrical notations
are necessary to identify it. Consider a crowd moving in a two-dimensional domain Ω ⊆ R2 with boundary ∂Ω . In the case
of a crowd, such a domain can be bounded while the generalization to three space dimension is technical. The geometry
is represented in Fig. 1, which shows an outlet zone corresponding to evacuation, for instance a point T of the boundary
corresponding to the exit. The geometry can be further modiﬁed by inserting internal obstacles and an inlet zone. Therefore,
given a target point T = (xT , yT ) inside Ω , the pedestrian direction is identiﬁed by the unit vector from P = (x, y) to the
target T :
ν(x, y) =
−−−−→
T − P
−−−−−−→|T − P | = νxi + νy j, (2.1)
with ⎧⎪⎪⎨
⎪⎪⎩
νx = xT − x√
(xT − x)2 + (yT − y)2
,
νy = yT − y√
(xT − x)2 + (yT − y)2
,
(2.2)
where the direction of the vector is simply identiﬁed by the coordinates of the points P and T and where i and j are two
unit orthogonal vectors in a two-dimensional domain.
The modelling problem consists in the characterization of the “acceleration” of the pedestrians whereas, for the mathe-
matical problem, it is necessary to add an initial condition, as well as boundary conditions, unless the modelling refers to
crowds in unbounded domains. In two dimensions the model consists of the continuity equation
∂t + ∇x · (v) = 0. (2.3)
Here ∂t and ∇x := (∂x, ∂y) correspond to the partial derivatives with respect to time and space respectively. The model (2.3)
is made self-consistent by devising appropriate closure relations for velocity v in terms of the density  and possibly also
of its gradient ∇:
v[,∇](x) = ϕ[,∇]ν(x).
When expressing the velocity v, or equivalently the ﬂux q, as a function of the density , Eq. (2.3) becomes an evolution
equation for the sole density :
∂t + ∇x · q = 0 (2.4)
and now q is the closure relation. Macroscopic models based on Eq. (2.4) are usually called ﬁrst order models [5].
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logical relation, a term for force describing the psycho-mechanic acceleration A = A [,v] on the pedestrians or a pressure
term, the pseudo-pressure p = p(). The force here is not a physical force that has dimensions of Newton’s but rather is
an inﬂuence that characterizes the motivation of the pedestrian. One speaks about acceleration and not force because this
is a system in which an analogue of mass cannot be deﬁned properly. Acceleration in models of crowds is a basic element
that must be represented for three reasons. First, acceleration has a direct effect on movement: people in a crowd can be
pushed around. Second, acceleration is a perceptible input to the cognitive system, and a major source of information in an
information-starved situation. Third, acceleration carries the consequences of dangerous crowd scenarios. Finally, the term
“pseudo-pressure” takes into account the inconvenience experienced from the pedestrians in conditions of high density, and
inspired by the momentum balance of a continuum:
∂tv+ (v · ∇x)v= A [,v], (2.5)
where A [,v] models the component of the mean acceleration, and square brackets indicate that it may be a functional
of its arguments. Finally, the set of equations resulting from this second approach is (see Hughes [17,18] and Bellomo and
Dogbé [2]):{
∂t + ∇x · (v) = 0,
∂tv+ (v · ∇x)v= A [,v],
(2.6)
which is self-consistent in the unknowns , v once the acceleration A has been conveniently designed. Mathematical
models based on the system (2.6) are commonly termed in the literature second order models, which is not to be confused
with any more usual analytical “order”. A brief review of some second-order macroscopic models of crowd is given referring
speciﬁcally to [2]. In detail, the acceleration can be modelled as follows:
A [; x, y] = AF []ν(x, y) +AP []ν(x, y) (2.7)
which is based on different assumptions:
• The frictional acceleration AF is proportional to the deﬁcit in velocity (from that typical of pedestrians in a crowd of
the same density):
AF = cF
(
ve()ν − v
)
, (2.8)
where cF is the inverse of the relaxation time of pedestrians, ν is a unit vector pointing toward the target, and ﬁnally
ve is the “optimal” (or dynamic equilibrium) speed of pedestrians depending pointwise on the crowding of the walking
area. As in the traﬃc modelling, one can take cF ≡ cF [] = 1τ , where τ is the relaxation time.• A local crowding estimate, based on the pointwise values that ∇ takes along the direction of the desired velocity,
which might induce pedestrians to deviate from their preferred path in order to avoid areas of high density, denoted
by AP :
AP [] = −cP K
2()

∂
∂ν
, (2.9)
where cP is a constant and K 2() must be properly expressed. A simple expression of AP is
AP [] = −c
2()

∇x, (2.10)
where for example c2() := c in isothermal conditions.
• A pressure-like term, possibly regarded as a material quantity as in the celebrated Aw–Rascle model of vehicular traﬃc
[1], which models the reaction of pedestrians to the presence of other individuals in the surrounding environment:
AP [] =
{− 1∇ν p,  > 0,
0,  = 0. (2.11)
Assuming that the density  is a smooth function of the space everywhere, the resulting equation is{
∂t + ∇x · (v) = 0,
∂tv+ v · ∇xv = cF
(
ve()ν − v
)− cP∇ν. (2.12)
The relaxation term (2.12)2 describes interactions between pedestrians and aims to capture the way in which individuals
adjust their velocity towards an optimal value, given by the velocity function. If an individual’s speed is greater than this
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speed less than the desired value, the relaxation term speeds the individual up. This change is not instantaneous and the
average time required for this process is given by the relaxation time τ which is now assumed to be a constant parameter,
small with respect to the unity. Note also that the stability of the model is determined mainly by the relaxation time τ .
Since the ﬂow-density relation does not depend on this parameter, this means that one can calibrate the stability and the
ﬂow rates independently. The terms cF and cP are related to the introduction of dimensionless variables. Finally, taking the
expression (2.10), and cF := 1/τ , Eq. (2.12) becomes⎧⎪⎨
⎪⎩
∂t + ∇ · (v) = 0,
∂tv+ v · ∇v = 1
τ
(
ve()ν − v
)− c2()

∇x.
(2.13)
Crowd dynamic models can be obtained by adding a linear diffusion term of the velocity that corresponds to a viscous-like
dissipation of the ﬂuid. The acceleration A is assumed to be given as the sum of three terms:
A [,v] = AT [,v] +AP [,v] +AD [,v], (2.14)
with
AD [,v] = ε

	xv, (2.15)
where ε is positive parameter which represents, in the case of the ﬂuids, the viscosity by analogy with the theory of
Newtonian ﬂuids.
Several different assumptions concerning the terms of acceleration are proposed in [2], where a qualitative analysis fo-
cusing on the property of hyperbolic structures, is developed. Despite its simplicity, the system (2.13) possesses the key
features of a more general hyperbolic system with relaxation, thus serving as an ideal model problem to understand more
general ones. The interested reader can refer to [2] for technical details. But it is worth focusing on some further improve-
ments that modify the structure of the equations. Models can be further reﬁned by taking the gradients in the computation
of the local mean velocity. For instance, it can be done by computing it at a density higher than the real one in the presence
of positive gradients and lower for negative gradients. This type of reasoning is proposed in [8].
The initial value problem for models of crowd dynamics is stated in unbounded domains for active particles (individuals)
whose objective is to reach a point in the whole space. The statement is obtained by linking the model delivered by Eq. (2.6)
to initial conditions. Otherwise, the problem needs additional boundary conditions.
3. Relaxation limits for smooth solutions
In this section, we deal with the relaxation limit of hyperbolic systems of conservation laws with stiff relaxation terms
to the local systems obtaining in Section 2. Before going into technical details, we specify that the general form of such
systems, with a small parameter 
 > 0, is:
∂tU + ∇x · F (U ) = 1


Q (U ), x ∈ Rn, (3.16)
or more generally
∂tU +
d∑
j=1
A j(U )Ux j =
1


Q (U ), (3.17)
where U = U (t,x) is a density vector over (t, x) ≡ (t, x1, x2, . . . , xd) ∈ R+ × Rd , that takes values in U c ⊂ Rn (U c is the
closure of a convex domain of Rn), Q (U ), F (U ) and A j(U ) ( j = 1,2, . . . ,d) are n-vector and n × n matrix valued smooth
functions of U . Q is called the relaxation term. The ﬂux tensor F : U →Rd×n is twice differentiable such that
∂tU + ∇x · F (U ) = 0 (3.18)
is hyperbolic. It is important to remember that system (3.18) is said to be hyperbolic if for every U ∈ U and every ξ ∈ Rd
the n × n matrix FU (U ) · ξ is diagonalizable within the reals, i.e. it as a complete set of real eigenvectors. System (3.18) is
said to be strictly hyperbolic if moreover the eigenvalues of FU (U ) · ξ are distinct. Such nonlinear systems typically govern
nonequilibrium process in physics. In many applications, the source term Q (U ) has or can be transformed by a linear
transformation into the form
Q (U ) =
(
0
q(U )
)
(3.19)
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ﬁrst n − r components of Q (U ) vanish.
There are two basic types of relaxation terms: (i) the manifold of local equilibria is uniquely determined by n indepen-
dent conserved quantities; (ii) the dimension of the manifold of local equilibria equals the number of equations in (3.18).
The local equilibrium limit turns out to be highly singular because of shock and initial layers, and involves many chal-
lenging problems in nonlinear analysis and applied sciences. Roughly speaking, the relaxation time measures how far the
nonequilibrium states are away from the corresponding equilibrium states; understanding its limit behavior is equivalent
to understanding the stability of the equilibrium states. It connects nonlinear integral partial differential equations with
nonlinear partial differential equations. This limit also involves the singular limit problem from nonlinear strictly hyperbolic
systems to mixed hyperbolic-elliptic ones, even purely elliptic ones in some cases (see [4]). The basic issue for such a limit
problem is the stability theory. In this paper, we focus on type (i) relaxation terms.
In general, the zero relaxation limit is not stable even for the linear case: the characteristic speeds of the local system
must be interlaced with the characteristic speeds of the relaxing system to ensure the stability of the limit. Following
[28] we introduce the (strict) stability criterions and the equilibrium equation governing the formal limits are proved to
be symmetrizable hyperbolic. These stability criterions are related to the entropy condition in [4]. In fact, since the strict
stability condition is satisﬁed along the local equilibrium curve, then it will also be satisﬁed in some open domain containing
the local equilibria curve by continuity.
The crowd model which will serve a guideline to show the basic ideas involved with relation problems is the following:⎧⎪⎨
⎪⎩
∂t + ∇x · (v) = 0,
∂tv+ v · ∇xv+ c
2()

∇x = 1
τ
[
ϕ()ν − v], (3.20)
where ϕ is some scalar function expressing the equilibrium speed of the latter. We deﬁne
U =
(

v
u
)
, A1(U ) =
⎛
⎝ v  01
 c
2() v 0
0 0 v
⎞
⎠ , A2(U ) =
⎛
⎝ u 0 0 u 0
1
 c
2() 0 u
⎞
⎠ ,
and
Q (U ) = (0,ϕ()νx − v,ϕ()νy − u)T ,
where the superscript “T ” denotes the transpose operator acting on matrices. So, the quasi-linear system (3.20) can be
written in the compact form:
∂tU +
2∑
j=1
A j∂x j U =
1
τ
Q (U ). (3.21)
Here, U is the unknown 3-vector valued function of (t,x) ≡ (x, y) ∈ [0,+∞) × R2 taking values in an open subset U :=
{U ∈ (0,∞) ×R2} ⊂R3.
It is important to note that, for the case of a hyperbolic system with many spatial variables, the problem of symmetriza-
tion is more complicated. Symmetrization of the system (3.20) means that all matrices in (3.20) can be simultaneously
transformed to symmetric by choice of a basis, with a positively deﬁnite matrix A0. A simple calculation indicates that the
eigenvalues of A1 are⎧⎪⎨
⎪⎩
λ1A1 = v,
λ2A1 = v + c(),
λ3A2 = v − c()
resp. A2
⎧⎪⎨
⎪⎩
λ1A2 = u,
λ2A2 = u + c(),
λ3A2 = u − c();
therefore, the system (3.20) is hyperbolic unless c() = 0.
It is well known that (3.21) has local (in time) smooth solutions (see [21]), but these solutions may develop singularities
(i.e. shock waves) in ﬁnite time, even when the initial data are smooth and small (see [7,21]). However, in many physical
examples, thanks to the interplay between the source term and the ﬂux, there exist global smooth solutions for a suitable
set of initial conditions. Total dissipation, which consists in requiring the source damping term to enter in each of the
equations of the system distributed all over the space, is a well-known assumption for global existence for suitable classes
of initial data (see [23]). The techniques we develop in this paper, in the frame of [28], allow us to obtain explicit estimates
of the size of the neighborhood of constant equilibrium where the existence of global smooth solutions holds.
Throughout this section, we assume that Q (U ) = 0 uniquely determines U in terms of v and u, say v = h() and
u = g(), which will be determined, and that the initial data lie in equilibrium. In order to emphasize these issues, we give
a precise structural conditions required (A1)–(A3) in [28] for Eq. (3.20) to pass into the relaxation limit.
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equilibrium manifold E := {U ∈ U : Q (U ) = 0} such that
P (U )DQ (U ) =
(
0 0
0 Sˆ(U )
)
P (U ), for U ∈ E .
(A2) As a system of ﬁrst-order partial differential equations (3.26) is symmetrizable hyperbolic, that is, there is a symmetric
deﬁnite positive deﬁnite matrix A0(U ) such that
A0(U )A j(U ) = ATj (U )A0(U ), for U ∈ G, and j = 1,2.
(A3) The hyperbolic part and the source term are coupled in the following sense
A0(U )DQ (U ) + DQ T (U )A0(U )−P T (U )
(
0 0
0 Ir
)
P (U ), for U ∈ E .
Here DQ denotes the Jacobian of Q .
The following lemma provides a method to check whether a relaxation system admits the above stability condition.
Lemma 3.1. Let O be an open subset of ]0,+∞[ ×R2 . Let E = {U ∈ O | Q (U ) = 0}. Then, there exists an invertible matrix P , and a
matrix A0(U ) such that the following properties hold:
• for all U ∈ E , one has:
P DQ (U )P−1 =
(0 0 0
0 −1 0
0 0 −1
)
;
• A0 is a C∞ function of U ∈ O; moreover for all U ∈ O , the matrix A0(U ) is symmetric deﬁnite positive, and the matrix
A0(U )A j(U ), j = 1,2, are symmetric;
• for all U ∈ O , one has:
A0(U )DQ (U ) + DQ (U )T A0(U ) = −P T
(0 0 0
0 1 0
0 0 1
)
P .
The set E is the equilibrium manifold. It is exactly the set of points in O for which the source term Q (U ) in (3.21) vanishes.
Proof. We have
DQ (U ) =
⎛
⎝ 0 0 0ϕ() · νx −1 0
ϕ() · νy 0 −1
⎞
⎠ (3.22)
which rank r = 2 is equal to the number of its non-zero eigenvalues, where we let ϕ ≡ dϕ/d. Since
DQ (U ) =
(
0 0
ϕ() · ν −Ir
)
=
(
0 0
0 −Ir
)(
Ir 0
−ϕ() · ν Ir
)
=
(
0 0
0 −Ir
)
P (3.23)
and P DQ = DQ , the stability condition (A1) is veriﬁed. Therefore, the ﬁrst point of Lemma 3.1 is obtained by deﬁning:
P =
⎛
⎝ 1 0 0−ϕ() · νx 1 0
−ϕ() · νy 0 1
⎞
⎠ . (3.24)
We now turn to the deﬁnition of the symmetrizer A0 such that (A3) holds. To do so, we deﬁne
A0(U ) = 1
22
⎛
⎜⎝
c2()νx −2ϕ()νx −4ϕ()νy
−2ϕ()νx 2 0
−4ϕ()νy 0 4
⎞
⎟⎠ . (3.25)
Obviously, A0(U ) is symmetric and symmetrizes the A j ’s. Moreover, it is straightforward to check that A0 is positive deﬁnite
if and only if  	= 0 and νx > 0 and νy > 0 and c2()νx − 2[(ϕ() · νx)2 + (ϕ() · νy)2] > 0. Thus, we take
O = {U ∈ R3:  	= 0, c2()νx − 2[(ϕ() · νx)2 + (ϕ() · νy)2]> 0, νx > 0, νy > 0}.
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is symmetric nonpositive. Thus condition (A3) follows immediately. This completes the proof. 
We now consider the relaxation behavior of the following system of hyperbolic conservation laws with a singular per-
turbation source:
∂tU +
2∑
j=1
A j∂x j U =
1


Q (U ), U ∈ R3, (3.26)
with the initial condition
U (0,x) = U (
,x). (3.27)
We can consider 
 as a parameter in a topological space. U (x, 
) is a given initial value function. For such a small parameter,
it is interesting to investigate the limit as 
 to zero, so-called zero relaxation limit or relaxation limit. If we let formally 

tend to 0 in (3.26), we get
v = ϕ()νx, u = ϕ()νy (3.28)
in the second and third equations of (3.26). Problem (3.26) can be considered as a singular perturbation problem, and the
solution would thus be expected to converge, as 
 tends to zero, to some solution of the equilibrium (or reduced) equation
∂t + ∇x
(
ϕ() · ν)= 0. (3.29)
In fact, as 
 → 0, we expect that (3.28) in some suitable topology and, as a consequence, that the limit is a solution
to problem (3.29). Relaxation systems are important in many physical situations. They arise, for example, in gases not in
thermodynamic equilibrium, kinetic theory, chromatography, river ﬂows, traﬃc ﬂows, crowd dynamics, and more general
waves (see, for instance, the classic book by Whitham [27]).
For simplicity, we assume that U (x, 
) is periodic in x with period (1,1) ∈R2 and we set Ω = [0,1)2 and denote Hk(Ω)
the usual L2-Sobolev space (on Ω) of order k (a nonnegative integer) and C ( J , Hk(Ω)) denotes the space of continuous
functions on the interval J with values in Hk(Ω).
The aim of this section is to justify rigorously the convergence of system (3.26) to (3.29).
Theorem 3.2. Let s 3, and consider initial data (0, v0,u0) ∈ Hs+2(Ω) that take values in a compact subset of [0,+∞[×R2 . Then,
there exists a time T > 0 such that:
• for all 
  1, there exists a unique solution U 
 = (
, v
,u
) ∈ C ([0, T ]; Hs(Ω)) of (3.21) with initial data (0, v0,u0);
• the limit equation (3.29) admits a unique solution  ∈ C ([0, T ]; Hs+2(Ω)) with initial data 0;
• 
 converges towards  in C ([0, T ]; Hs(Ω)) as 
 → 0 and (v
 ,u
) converges to (v,u) in L1([0, T ], Hs(T)) as 
 tends to +∞.
Proof. We now need to check that all the assumptions of [28] are satisﬁed. In order to do so, we consider a compact subset
K0 of [0,+∞[ × R2 such that (0, v0,u0) takes its values in K0. There is no loss of generality in assuming that K0 is
convex. Moreover, we consider a second compact subset K1 of [0,+∞[×R2 such that K1 is convex, and K0 is contained in
the interior of K1. Then, according to our notations, Lemma 3.1 shows that the structural assumptions of [28] are satisﬁed
in the open set O . Moreover, the limit equation (3.29), which is obtained by formally taking the limit 
 → 0 in (3.26),
is symmetrizable and is therefore locally well-posed in Hs+2(Ω). In our particular case, this limit system is nothing but
Eqs. (3.29). Since our problem involves a small parameter 
 , following O’Malley [25], to analyze the relaxation behavior of
the solution U 
 , the ﬁrst step is to construct a formal asymptotic expansion to the nonlinear problem in (3.26)–(3.27) in
the following form
Um
 (t, x) =
m∑
k=0

kUk(t, x) +
m∑
k=0

k Ik(t/
, x) (3.30)
with m  1 appropriately given and the inner variable τ = t/
 near t = 0 whose initial-layer correction terms Ik decay to
zero as the “fast time” variable t/
 goes to inﬁnity. Consequently, if we want to apply the main result of [28], the last point
to check is that the limiting inner problem (x is a parameter here)
dI˜
ds
(s, x) = Q ( I˜(s, x)), I˜(0, x) = (0, v0,u0)(x) (3.31)
has a unique solution I˜ ∈ C ([0,+∞), H5(Ω)) which takes values in convex compact subset of K0 and decays exponentially
to a function I˜(+∞,x) in H5(Ω) as s goes to inﬁnity. Thanks to the convexity of K0, we have I(s, x) ∈ K0 for all (s, x) ∈
[0,+∞[ × Ω and I(s, x) converges exponentially towards (0, v0,u0)(x) ∈ E ∩ K0 as s tends to +∞. This last point shows
that we can apply the main result of [28] and reach the conclusion of the theorem. 
C. Dogbe / J. Math. Anal. Appl. 372 (2010) 77–85 854. Looking forward
As already laid out in the introduction, it should be clear that the very aim of this paper is only to give preliminary
stability conditions for Cauchy problem of crowd models previously studied in [2]. Our results conﬁrm the mathematical
reasonableness of these models. The most important perspective, according to the author’s bias, is related to the derivation
of the acceleration term A and the panic conditions and evacuation problems. The present results are expected to be
used as theoretical criteria to construct relaxation approximations for Cauchy problem. We have justiﬁed the zero relaxation
limit for initial value problem of the quasi-linear system (3.20) satisfying the Yong’ stability condition [28] with suﬃciently
regular initial data.
Considering that this paper aims at initiating a research program and is focused on methodological issues, leaving further
applications to future work, we want to stress that this paper has to be regarded as an introduction to issues that need
further development within a proper research program. Future research will deﬁnitely reﬁne and improve the existing
models, while the analysis of the inherent mathematical problems will hopefully lead to new mathematics, allowing us to
tackle problems presently beyond our technical abilities.
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